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A DUALITY THEOREM FOR CERTAIN FOCK SPACES
JOCELYN GONESSA
Abstract. We characterise functions for the dual spaces of entire functions f such that
fe−φ ∈ Lp(Cn, ρ−2dA), 0 < p ≤ 1, where φ is a subharmonic weight and ρ−2 is a positive
function called under certain conditions regularised version of Laplacian ∆φ, as described in
[2].
1. Introduction and main result.
Let a subharmonic function φ be given. The spaces we deal with are follows:
F pφ =
{
f ∈ Cn : ‖f‖p
Fp
φ
=
∫
Cn
|f(z)e−φ(z)|pρ−2(z)dA(z) <∞
}
, 1 ≤ p <∞
F∞φ =
{
f ∈ Cn : ‖f‖F∞
φ
= sup
z∈Cn
|f(z)e−φ(z)| <∞
}
where ρ−2 is a positive function given. Here dA is the Lebesgue measure on Cn normalized so
that the volume of the unit ball is equal to one.
Our objective in this work is to prove for certain φ and ρ the dual of F pφ is F
∞
φ , 0 < p ≤ 1.
More precisely we study the following particular case.
(1.1) φ(z) =
sN∗(z)− log |z • z|
2
, s > 0
(1.2) ρ(z) =
√
|z • z|
where
N∗(z) =
√
‖z‖2 + |z • z|
with ‖z‖2 = z • z¯ and z •w = z1w1+ · · ·+ znwn for all z = (z1, · · · , zn), w = (w1, · · · , wn) ∈ Cn.
Namely, N∗/
√
2 is a norm introduced by Hahn and Pflug, see [10]. It was shown to be the
smallest norm in Cn that extends the euclidean norm in Rn in the following sense. If N is any
complex norm in Cn such that N2(x) = ‖x‖2 =∑nj=1 x2j for x ∈ Rn and N(z) = ‖z‖ for z ∈ Cn,
then N∗(z)/
√
2 ≤ N(z) for z ∈ Cn. Moreover, this norm was shown to be of interest in the
study of several problems related to proper holomorphic mappings and the Bergman kernel, see
[7, 8, 13, 14, 15] for example. For any s > 0 and 0 < p ≤ ∞ we let Lps denote the space of
Lebesgue mesurable functions f on Cn such that fe−φ ∈ Lp(Cn, ρ−2dA). In this paper we are
going to call F ps the Fock spaces F
p
φ , for no particular reason than use notations in [13]. So we
will do the following identifications. ‖·‖Fp
φ
:= ‖·‖p,s and ‖·‖F∞
φ
:= ‖·‖∞,s. Let us remark that if
n = 1 then the spaces F ps consist of all entire functions f such that f(z)e
−s|z|2 ∈ Lp(C, |z|p−2dA).
These are the classical Fock spaces.
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The purpose of this paper is to describe the bounded linear functionals on Fock spaces F ps for
every 0 < p ≤ 1.The answer is well known when 1 < p <∞ and the problem is solved by using a
special pairing, see [7]. The arguments previously provided in [7] and [23] play the key role in the
present work. However the case φ is a (nonharmonic) subharmonic function, whose Laplacian
satisfies 0 < m ≤ ∆φ(z) ≤ M (m, M positive constants) and ρ(z) = 1 can be proved (used
classical method in [23] and Lemma 1 in [17]). That is the dual of F pφ is F
∞
φ for any 0 < p ≤ 1.
Even better if φ is a (nonharmonic) subharmonic function, whose µ = ∆φ is a doubling measure
and ρ−2 is a regularised version of µ, i.e. the positive radius such that µ(D(z, ρ(z))) = 1, and
ρ ≥ 1 then the dual of F pφ is F∞φ for any 0 < p ≤ 1 (used classical method in [23] and Lemma
19 (a) in [12]). Here D(z, ρ(z)) is a ball centered in z of radius ρ(z). Our main result is the
following.
Theorem A. Suppose s > 0 and 0 < p ≤ 1. Then the dual space of F ps can be identified with
F∞s . More precisely, there is a bounded bilinear complex form L on F
p
s × F∞s such that every
bounded linear functional on F ps has the following form
f 7→ Lg(f) := L(f, g)
for some unique g ∈ F∞s . Futhermore the norm of the linear functional on F ps is equivalent to
the norm of g in F∞s . Namely, there exits a constant C such that
C−1‖g‖∞,s ≤ ‖Lg‖ ≤ C‖g‖∞,s
for all g ∈ F∞s .
The problem of describing the bounded linear functionals on Lp, 0 < p ≤ 1, has been studied
in several papers. In the case of Hardy spaces, the problem started in [19] and was further
pursued in [5, 6, 9]. For Bergman spaces, the problem was studied in [3, 21, 24, 25]. Namely,
it was shown that with the classical integral pairing all the classical Fock spaces have the same
dual space when 0 < p ≤ 1. That is the space of the bounded holomorphic functionnals. In this
note we use new tools under a special pairing to prove the same result for Fock spaces F ps .
This work began when I was visiting the African Institute for Mathematics Sciences in
Cameroon. I wish to thank the Classical Analysis group managed by Professor David Békollé,
for the full discussion. We achieved the work when I was visiting the African Institute for Math-
ematics Sciences in South Africa. I wish to thank the mathematics group, and the Directors
Professor Mama Foupouagnigni and Professor Barry Green in particular, for very nice visits.
Our starting point are some preliminaries results that we will need in the proof of the main
theorem.
2. Preliminaries
Let n ≥ 2 and consider the nonsingular cone
H := {z ∈ Cn+1 : z21 + · · ·+ z2n+1 = 0, z 6= 0}.
This is the orbit of the vector (1, i, 0, . . . , 0) under the SO(n + 1,C)-action on Cn+1. It is
well-known that H can be identified with the cotangent bundle of the unit sphere Sn in the
n−dimensional sphere in Rn+1 minus its zero section. It was proved in [16] that there is a
unique (up to a multiplicative constant) SO(n+1, C)−invariant holomorphic form α on H. The
restriction of this form to H ∩ (C\{0})n+1 is given by
α(z) =
n+1∑
j=1
(−1)j−1
zj
dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn+1.
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The orthogonal group O(n + 1,R) acts transitively on the boundary M of the unit ball in
H. Thus there is a unique O(n + 1,R)-invariant probability measure µ on M. This measure is
induced by the Haar probability measure of O(n + 1,R). Following [13] (see Lemma 2.1 page
506), we have for any Cn function f on H that
(2.1)
∫
H
f(z)α(z) ∧ α¯(z) = mn
∫ ∞
0
r2n−3
∫
∂M
f(rξ)dµ(ξ)dr
provided that the integrals makes sense. Here
mn = 2(n− 1)
∫
{z∈H:‖z‖<1}
α(z) ∧ α(z)
For each s > 0 and 0 < p < ∞, let Lps(H) denote the Lebesgue spaces of all functions f on H
such as f ∈ Lp(H, ws,p). Here ws,p is the Gaussian volume form defined on H as
ws,p(z) =
(sp)n−1e−sp‖z‖
2/2
2n−2mn(n− 2)! , z ∈ H.
In the following we adopt some notations. For any f ∈ Lps(H) we write
‖f‖Lps(H) =
(∫
H
|f(z)|pws,p(z)
) 1
p
, 0 < p <∞
and
‖f‖L∞s (H) = sup
z∈H
|f(z)|e−s‖z‖2/2
The weighted Bergman space Aps(H) is the closed subspace of Lps(H) consisting of holomorphic
functions. When p = 2, the orthogonal projection Ps from L
2
s(H) onto A2s(H) is called the
weighted Bergman projection. It is well-known that Ps is the integral operator on L
2
s(H) given
by the formula
Psf(z) =
∫
H
Ks,H(z, w)f(w)ws,2(w)
where
Ks,H(z, w) = (−1)n(n+1)/2(2i)n(1 + 2s
n− 1z • w¯)e
z•w¯
is the reproducing kernel on A2s(H), see [8]. This is the weighted Bergman kernel. Let an operator
Tp be defined as follows
Tpf(z) = C(p)
1/pzn+1f(z1, · · · , zn), z = (z1, · · · , zn+1) ∈ H
where C(p) = 2
n−3mn(n−2)!
(sp)n−1(n+1)2 . As in [13] (see page 163) the operator Tp will play a key role in our
proof.
Lemma 2.1. For any s > 0 and 0 < p < ∞, the operator Tp is an isometry from Lps(Cn) into
Lps(H). More precisely, we have
(2.2) ‖Tpf‖Lps(H) = ‖f‖p,s
In addition, the image Eps (H) of Aps(H) under Tp is a closed proper subspace of Aps(H) and Tp is
a unitary operator from Aps(H) onto Eps (H).
The following resut is a crucial ingredient to prove the main lemma of this paper.
Lemma 2.2 (See [12]). Let an integer m. Then for every R > 0 there exists A = A(R) such
that for all z ∈ Cn
sup
ζ∈Dn(z)
∣∣|ζ|2 − |z|2 − hz(ζ)∣∣ ≤ A
where hz is a harmonic function in Dn(z) = {ζ ∈ Cn : |ζ − z| < R} with hz(z) = 0.
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3. Intermediate results
In this section we set out an important result of the paper.
Theorem B. Suppose s > 0 and 0 < p ≤ 1. Then the dual of Aps(H) is A∞s (H) under the
duality pairing
(3.1) < f, g >s=
∫
H
f(z)g(z)e−s‖z‖
2
ws,2(z)
The starting point of the proof of theorem B is the estimate of the reproducing kernel K˜s,H
of E2s (H).
3.1. Estimate reproducing kernel.
Lemma 3.1. Suppose s > o and 0 < p ≤ 1. We have
(3.2)
∫
H
|K˜s,H(z, w)|pws,p(w) ≤ Cesp‖z‖
2/2
where C is a constant.
Proof. If Pr : C
n+1 → Cn is defined by Pr(z1, · · · , zn, zn+1) = (z1, · · · , zn), and F = Pr|H,
then F : H → Cn \ {0} is a proper holomorphic mapping of degree 2. We denote by W the
branching locus of F . The image F (W ) of W under F is an analytic subset of Cn \ {0}. We set
V = F (W ) ∪ {0}. The local inverse φ and ϕ of F are given for z ∈ Cn \ V by
φ(z) = (z, i
√
z • z)
ϕ(z) = (z,−i√z • z)
so that
K˜s,H(z, w) =
K1s,H(z, w)−K2s,H(z, w)
2
where
K1s,H(z, w) =
w¯n+1
φn+1(F (w))
Ks,H(z, φ(F (w)))
K2s,H(z, w) =
w¯n+1
φn+1(F (w))
Ks,H(z, A(φ(F (w))))
and A is the transformation defined on Cn+1 by
A(z1, · · · , zn+1) = (z1, · · · , zn,−zn+1).
When 0 < p ≤ 1, note that∫
H
|K˜s,H(z, w)|pws,p(w) ≤ C
∫
H
|Ks,H(z, w)|pws,p(w).
So the desired inequality become∫
H
|Ks,H(z, w)|pws,p(w) ≤ Cesp‖z‖
2/2.
Let us now denote Is and Js the following integrals
Is(z) =
∫
H
∣∣∣∣(1 + 2sn− 1z • w¯
)
e−
s
2
z•w¯
∣∣∣∣2p ws,p(w)
and
Js(z) =
∫
H
∣∣e− s2 z•w¯∣∣2p ws,p(w).
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In [13], Mengotti and Youssfi proved
(3.3)
∫
M
pk(ξ)(z • ξ¯)ldµ(ξ) =
{
k!(n−1)!
(k+n−2)!(2k+n−1)pk(z) if l = k
0 else
where n, k ∈ N and pk is a homogeneous polynomial of degree k on H. Then binomial series
expansion and (3.3) give that
Js(z) =
∫
H
∣∣∣∣∣
+∞∑
k=0
(ps)k
2kk!
(z • w¯)k
∣∣∣∣∣
2
ws,p(w)
≈
+∞∑
k=0
(ps)2k
(2kk!)2
∫ +∞
0
r2k+2n−3e−
psr2
2 dr
∫
∂M
|z • ξ¯|2kdµ(ξ)
≈
+∞∑
k=0
(ps)k−n+1(n+ k − 2)!
2k−n+2(k!)2
∫
∂M
|z • ξ¯|2kdµ(ξ)
≈
+∞∑
k=0
(ps‖z‖
2
2 )
k
k!(2k + n− 1)
∫
∂M
|z • ξ¯|2kdµ(ξ)
≈ e
ps‖z‖2
2
1 + 2ps‖z‖2 .
Similary,
Is(z) ≤ C
∫ +∞
0
[
1 +
(
2sr
n− 1
)p
|z • ξ¯|p
]2 ∣∣∣∣∣
+∞∑
k=0
(psr/2)k
(z • ξ¯)k
k!
∣∣∣∣∣
2
ws,p(w)
≤ C
∫ +∞
0
[
1 +
(
2sr‖z‖
n− 1
)p]2 +∞∑
k=0
(psr/2)2k(1/k!)2r2k+2n−3e−psr
2/2dr
∫
∂M
|z • ξ¯|2kdµ(ξ)
≤ C
+∞∑
k=0
(ps/2)2k‖z‖2k
k!(k + n− 2)!(2k + n− 1)
∫ +∞
0
(1 +
(
2sr‖z‖
n− 1
)p
)2r2k+2n−3e−psr
2/2dr
≤ C
+∞∑
k=0
(ps/2)2k‖z‖2k
k!(k + n− 2)!(2k + n− 1)
×
(∫ n−1
2s‖z‖
0
r2k+2n−3e−psr
2/2dr + 2
(
2sr‖z‖
n− 1
)2p ∫ +∞
n−1
2s‖z‖
r2k+2n−3e−psr
2/2dr
)
≤ C
+∞∑
k=0
(2/s)k+n−2(ps/2)2k‖z‖2k
k!(k + n− 2)!(2k + n− 1)
×
[
(k + n− 2)! + 2
(
2s‖z‖
n− 1
)2p
(2/s)pΓ(k + p+ n− 1)
]
≤ C(1 + 2ps‖z‖2)eps‖z‖2/2.
Now using Hölder inequality we obtain that∫
H
|Ks,H(z, w)|pws,p(w) ≤
√
Is(z)Js(z)
≤ Cesp‖z‖2/2.
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This completes the proof of lemma. 
3.2. Pointwise estimates. In this section we give the natural growth of functions in F ps .
Lemma 3.2. For any holomorphic function F on H and z ∈ H we have
|F (z)| ≤ C
∫
Dn+1(z)∩H
|F (ζ)|α(ζ) ∧ α(ζ)
where C is a constant independing on z.
Proof. F being holomorphic then ∆F (ζ) = 0 where ∆ =
∑n+1
i=1
∂2
∂ζi∂ζ¯i
. The divergence theorem
implies that
0 =
∫
Dn+1(z)∩H
∆F (ζ)dA(ζ) =
∫
∂(Dn+1(z)∩H)
∂F
∂ν
(ζ)dµ(ζ)
=
∫
∂(Dn+1(0)∩H)
∂F
∂r
(z + rξ)dµ(ξ)
=
∂
∂r
∫
∂(Dn+1(0)∩H)
F (z + rξ)dµ(ξ)
where ∂∂ν is the differentiation in the direction of the external normal. Since the mean value
integral at r = 0 is equal to F (z) then
(3.4) F (z) =
∫
∂(Dn+1(0)∩H)
F (z + rξ)dµ(ξ)
The proof of the lemma arises from (3.4) and (2.1). 
Lemma 3.3. Let 0 < p <∞. Then for any holomorphic function f on Cn we have
‖f‖∞,s ≤ C‖f‖p,s
where C is a constant.
Proof. Let Hz a holomorphic function on H such that hz = ℜeHz. Then
|Tpf(z)e−s|z|
2|p = |Tpf(z)e−sHz(z)|pe−sp|z|
2
From Lemma 3.2 we have that
|Tpf(z)e−s|z|
2 |p ≤ C
∫
Dn+1(z)∩H
|Tpf(w)e−sHz(w)−s|z|
2 |pα(w) ∧ α(w)
Also, from Lemma 2.2 we obtain that.
(3.5) |Tpf(z)e−s|z|
2|p ≤ C
∫
H
|Tpf(w)e−s|w|
2 |pα(w) ∧ α(w)
for all z ∈ H. Finally the lemma arises from (3.5) combined with the estimate (2.2) at the point
(z, i
√
z • z) ∈ H where z ∈ Cn. 
DUALITY THEOREM 7
3.3. Inclusion.
Lemma 3.4. Suppose 0 < p ≤ 1. Then Eps (H) ⊂ E1s (H) and the inclusion is continuous.
Proof. The starting of the proof is the embedding F ps ⊂ F 1s . Because the desired embedding
follows by using the isometric Tp. So for any f ∈ F ps the Lemma 3.3 yields
‖f‖s,1 ≤
∫
Cn
|f(z)|e−sN2∗(z)/2|z • z|− 12 dA(z)
≤
∫
Cn
|f(z)|p|f(z)|1−pe−sN2∗(z)/2|z • z|− 12 dA(z)
≤ C
∫
Cn
|f(z)|p(esN2∗ (z)/2|z • z|− 12 ‖f‖p,s)1−pe−sN
2
∗(z)/2|z • z|− 12 dA(z)
≤ C ‖f‖p,s
This proves the desired embedding. 
4. Proof of the theorem B
Proof of the theorem B. Consider the bilinear form L defined on Eps (H)× E∞s (H) by
(f, g)→ Lg(f) := L(f, g) =
∫
H
f(z)g(z)w2,s(z).
This mapping is well-defined. Namely, the Lemma 3.4 gives that
|Lg(f)| ≤ ‖f‖E1s(H)‖g‖E∞s (H)
≤ ‖f‖Eps (H)‖g‖E∞s (H)
for all (f, g) ∈ Eps (H) × E∞s (H). Conversely, if G is a bounded linear functional on Eps (H) we
must find g ∈ E∞s (H) verifying
G(f) =
∫
H
f(z)g(z)w2,s(z)
for all f ∈ Eps (H). For this goal we choose
g(w) = G(K˜s(w, z)), w ∈ H
where K˜s is the Bergman kernel of E2s (H). Let us prove that g is the desired function. First, we
observe that.
|g(w)| ≤ ‖G‖‖K˜s(·, w)‖Eps (H)
≤ C ‖G‖es‖w‖2/2
and thus ‖g‖E∞s (H) ≤ C‖G‖. Second, let us show the following.
(4.1) G(f) =
∫
H
f(z)g(z)w2,s(z)
for all f ∈ Eps (H). To do that we can observe by reproducing property that (4.1) is true
for f(z) = K˜s(z, w). Moreover the set of all finite linear combinations of reproducing kernel
functions being dense in Eps (H) and Eps (H) ⊂ E1s (H) ⊂ E2s (H) then (4.1) is true. This completes
the proof of the theorem B. 
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5. Proof of the main theorem
Proof. Consider the bilinear form L defined on F ps × F∞s by
(f, g)→ Lg(f) := L(f, g) =
∫
H
Tpf(z)Tg(z)w2,s(z)
where Tg(z1, · · · , zn+1) = zn+1g(z1, · · · , zn). The functional L is well-defined. Indeed Lemma
3.4 yields
|Lg(f)| ≤ C ‖Tpf‖E1s (H)‖Tg‖E∞s (H)
≤ C ‖Tpf‖Eps (H)‖Tg‖E∞s (H)
≤ C ‖f‖p,s‖g‖p,s
for all (f, g) ∈ F ps × F∞s . Conversely, if G is a bounded linear functional on F ps then G ◦ T−1p is
in the dual space of Eps (H). Hence, from Theorem 3 there exits h ∈ E∞s (H) such that
G ◦ T−1p (h˜) =
∫
H
h˜(z)h(z)w2,s(z)
for all h˜ ∈ Eps (H). Finally for g = T−1h we get that.
G(f) = G ◦ T−1p (Tpf)
=
∫
H
Tpf(z)Tg(z)w2,s(z)
for all f ∈ F ps . This completes the proof of the main theorem . 
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